Introduction
and Y b are naturally dual to each other.
The methods and constructions we developed in [8] , [9] and in this paper can be generalized to the case of Calabi-Yau hypersurfaces in a toric variety corresponding to a reflexive polyhedron. In [11] , the symplectic topological SYZ mirror conjecture for general generic Calabi-Yau hypersurfaces in a toric variety corresponding to a reflexive polyhedron will be proved in complete generality.
In [8] , we described a very simple and natural construction via gradient flow, which will in principle be able to produce Lagrangian tori fibration for general Calabi-Yau hypersurface in toric variety. For simplicity, we described the case of Fermat type quintic Calabi-Yau threefold familly {X ψ } in CP in great detail. Most of the essential features of the general case already show up there. We also discussed expected special Lagrangian tori fibration structure, especially we computed the monodromy transformations of the expected special Lagrangian fibration and also discussed the expected singular fibre structure implied by monodromy information in this case. Then we compared our Lagrangian fibration constructed via gradient flow with the expected special Lagrangian fibration. Finally, we discussed its relevance to mirror construction for Calabi-Yau hypersurface in toric variety.
Lagrangian fibration near smooth fibre appears to be quite flexible. But C ∞ Lagrangian torus fibration imposes very severe restriction on structure of singular fibres in comparison to general C ∞ torus fibration. The Lagrangian fibration we constructed in [8] is not quite the expected structure of a C ∞ special Lagrangian fibration (singular fibres and singular locus are different).
The reason is that our Lagrangian fibration is merely piecewise smooth (Lipschitz). As discribed in [8] , it is not hard to deform our Lagrangian fibration to a C ∞ non-Lagrangian fibration with the same topological structure as the expected C ∞ special Lagrangian fibration. To get a Lagrangian fibration of the same topological structure is more delicate. This and a lot of other technical problems of analysis and symplectic geometry flavor related to our flow is discussed in [9] . SYZ construction requires special Lagrangian fibration. Our gradient flow approach naturally produces piecewise smooth (Lipschitz) Lagrangian fibration. In our opinion, for symplectic topological aspect of SYZ construction, one should consider C ∞ Lagrangian fibration. This is indicated by somewhat surprising fact, discussed in [9] , that a general piecewise smooth (Lipschitz) Lagrangian fibration can not be smoothed to a C ∞ Lagrangian fibration by small perturbation. More precisely, the singular locus of a general piecewise smooth (Lipschitz) Lagrangian fibration is usually of codimension 1 while the singular locus of the corresponding C ∞ Lagrangian fibration necessarily has codimension 2. In [9] , we constructed many local examples of piecewise smooth (Lipschitz) Lagrangian fibrations that are not C ∞ . We also discussed method to deform a piecewise smooth (Lipschitz) Lagrangian fibration to a C ∞ Lagrangian fibration. In particularly, ways to squeeze the codimension 1 singular locus to codimension 2 by symplectic geometry technique.
The flow we use to produce Lagrangian fibration is a modification of a gradient flow. Gradient flow of smooth function with non-degenerate critical points have been used intensively in the mathematical literature, for example in Morse theory. But the gradient flow in our situation is highly nonconventional gradient flow. The critical points of our function are usually highly degenerate and often non-isolated. Worst of all our function is not even smooth (it has infinities along some subvariety). In [9] we also discussed the local behavior of our gradient flow near critical points and infinities of our function, to make sure that they behave the way we want.
As we claimed our method can also construct Lagrangian fibration for general quintic Calabi-Yau in CP 4 . We will describe these general construction in this paper. As we know the mirror symmetry conjecture first of all amounts to identifying the complex moduli of a Calabi-Yau manifold with the com-plexified Kähler moduli of its mirror Calabi-Yau , namely, specify the mirror map. Then the mirror symmetry conjecture further concludes that quantum geometry of a Calabi-Yau manifold is equivalent to the quantum geometry of its mirror partner. Despite the important position of Fermat type quintic Calabi-Yau family in the history of mirror symmetry, and the nice features of Lagrangian fibration and singular fibres of this family as discussed in [8] and [9] , the Fermat type quintic Calabi-Yau family is highly symmetric and very special type of Calabi-Yau . In fact, this family is located at boundary of the moduli space of quintic Calabi-Yau . Its mirror are highly degenerate Calabi-Yau orbifolds that located at the boundary of the mirror Kähler cone. To understand mirror symmetry in general, it is important to understand Lagrangian tori fibration of gneneral quintic Calabi-Yau threefolds.
Main difficulty in the general quintic case do not come from the gradient flow. As we mentioned before that the gradient flow will always give us a Lagrangian fibration, even for more general situation. But as we learn from the Fermat type quintic case, Lagrangian fibration so constructed is usually not of the topological type of the expected C ∞ Lagrangian (or special Lagrangian ) tori fibration. We need to modify the fibration. Unlike the case of Fermat type quintic Calabi-Yau , where we can always modify the Lagrangian fibration to the expected topological type due to its nicely behaved singular locus. It is hopeless to do the same for general quintic Calabi-Yau also due to generally badly behaved singular locus. It turns out that for general quintic near the large complex limit (in certain sense), singular locus will be much better behaved than general quintic Calabi-Yau . And we can do the same thing as in the fermat type Calabi-Yau case to get the desired Lagrangian fibration.
Let F : X → S 3 be the Lagrangian tori fibration of a quintic Calabi-Yau constructed by our flow. The singular set C ⊂ X is a complex curve (the intersection of the singular set of the large complex limit X ∞ and X, namely C = Sing(X ∞ ) ∩X). The singular locusΓ = F (C) is usually a 2-dimensional object. According to common sense about algebraic curve, it is rather incredible ifΓ somehow resemble a fattening of a 1-dimensional graph for general C. The key point is that mirror symmetry really only concern those CalabiYau near the large complex limit. Miraculously, when X is near the large complex limit (in a suitable sense), according to results in our paper [10] , the singular locusΓ is actually a fattening of some 1-dimensional graph Γ. This is the key reason why we can generalize our construction of Lagrangian tori fibration for Fermat type quintic Calabi-Yau to general generic quintic Calabi-Yau near the large complex limit. With this fact in hand, general method developed in [8] , [9] , will enable us to construct Lagrangian tori fibration with 1-dimensional singular locus for generic quintic Calabi-Yau near the large complex limit. This construction is discussed in section 2.
Mirror symmetry in general assert that there is a natural identification of the complex moduli of a Calabi-Yau near the large complex limit with the complexified Kähler moduli of the mirror Calabi-Yau . While Kähler moduli is relatively simple, complex moduli is usually rather complicated and highly non-linear, and usually do not have a natural compactification. But if we only concern the complex moduli near the large complex limit, the problem is much easier. In Section 3, we discuss a slicing theorem, which reduce the complex moduli near the large complex limit locally to a toric variety. The discussion in Section 2 on the meaning of near the large complex limit will in turn give us a natural compactification of the complex moduli near the large complex limit.
To discuss the SYZ mirror construction, we need a mirror identification of the complex moduli of a Calabi-Yau near the large complex limit with the complexified Kähler moduli of the mirror Calabi-Yau to start with. According to the famous work of [1] , for Calabi-Yau hypersurface in toric variety, it is more natural to consider the monomial-divisor mirror map instead of the actural mirror map, which is a higher order perturbation of monomial-divisor mirror map. Our symplectic topological SYZ construction will be based on the monomial-divisor mirror map. Result in [1] do not directly apply to our case. By using slicing theorem to remove some restrictions in [1] , we construct the monomial-divisor mirror map for quintic Calabi-Yau in the form we need in section 4.
The actual symplectic topological SYZ construction is worked out in section 5 and 6. We first identify the base and the singular locus in section 5. In section 6, we establish the duality of the fibres. In the process, we also find a very simple way to compute the monodromy of the Lagrangian tori fibration. Certain classes of singular fibres of C ∞ Lagrangian tori fibration are discussed in section 7.
As mentioned at the begining of the introduction, Lagrangian tori fibrations, slicing theorem, monomial-divisor map, construction of singular locus, identification of base spaces, duality relation of the fibres and monodromy computation etc. can all be generalized to the general situation of CalabiYau hypersurfaces in a toric variety corresponding to a reflexive polyhedron without much difficulty, based on the methods and constructions we developed in [8] , [9] and in this paper. We will prove these generalization and the symplectic topological SYZ mirror conjecture for general generic Calabi-Yau hypersurfaces in a toric variety corresponding to a reflexive polyhedron in [11] . A few results in this paper especially results concerning the mirror of quintic Calabi-Yau is referred to more general results in [11] , mainly because with all the more general notations introduced there, these results are more clearly stated there and acturally more easily proved there in much greater generality.
Remark: The notion of type I, II, III singular fibres in this paper, are somewhat different from [8] . For precise definition, please refer to the last section. Another thing is that we usually use Σ to denote the set of integral points in a Newton polygon, but sometimes, we use Σ to denote the corresponding real polyhedron. The concept of convex in this paper is sometimes non-standard, in certain cases, it probably is called concave in conventional term.
Lagrangian tori fibration of general quintic threefold
In [8] , [9] , we constructed Lagrangian fiberation for quintic Fermat type Calabi-Yau familly {X ψ } in P 4 by flow along vector fields. It is easy to observe that the same construction will also produce Lagrangian fiberation for general quintic. While Fermat type Calabi-Yau quintics are very special and highly symmetric, when we analyze general quintics, it seems a good idea to start with the most generic quintics first. Let
then a general quintic can be denoted as
Let m 0 = (1, 1, 1, 1, 1), and denote a m 0 = ψ. Consider the quintic Calabi-Yau familly {X ψ } in P 4 defined as
When ψ approaches ∞, The familly approach its "large complex limit" X ∞ defined by
Consider meromorphic function
defined on P 4 . Let ω denote the Kähler form of a Kähler metric g on P 4 , and ∇f denote the gradient vector field of real function f = Re(s) with respect to the Kähler metric g. From our previous discussion, we know that the flow of V = ∇f |∇f | 2 moves X ∞ to X ψ symplectically, therefore gives rise to Lagrangian fiberation in X ψ .
From our previous experience on Fermat type quintic Calabi-Yau , we know that the Lagrangian fibration we get by this way is not a C ∞ Lagrangian fibration and usually with wrong type of singular fibers. Due to the highly symmetric nature of Fermat type quintic Calabi-Yau , in the previous case, it was relatively easy to figure out what is the expected C ∞ Lagrangian (even special Lagrangian ) fibration structure and corresponding singular fibres.
Also in that case, the singular locus of the "wrong" Lagrangian fibration is a fattened version of the singular locus of the expected Lagrangian fibration. Therefore, even without perturbing to the C ∞ Lagrangian fibration, we can already compute the expected monodromy. The major difficulty to generalize this discussion to general quintic Calabi-Yau threefold is that for general quintic Calabi-Yau threefold the singular locus of the Lagrangian fibration constructed from deforming the standard Lagrangian fibration of X ∞ via the flow of V can be fairly arbitrary and does not necessarily resemble the fattening of any "expected singular locus". Worst of all, in the case of general quintic Calabi-Yau threefold, there are no obvious guess what the "expected" C ∞ Lagrangian (special Lagrangian ) fiberation should be. One clearly expect the expected singular locus to be some graph in ∂Σ ∼ = S 3 . But it seems to take some miracle (at least to me when I first dream about it) for a general singular set C (which is an algebraic curve) to project to the singular locusΓ = F (C) that resemble a fattened graph.
Interestingly, miracle happens here! It largely relies on better understanding of what it means to be near the large complex limit. Philosophically speaking, it is commonly believed that the large complex limit corresponds to classical situation (in comparison to quantum situation). The closer one gets to the large complex limit, the smaller the quantum effects will be. Therefore we may explain the possible chaotic behavior of the singular locusΓ = F (C) by quantum effect. To make the singular locus behave nicely to resemble a one-dimensional graph, we simply need to get really close to the large complex limit, which for quintic Calabi-Yau is X ∞ . Therefore the qestion remain is: how to get close to the large complex limit?
Before getting into the detail, let's recall facts of our gradient flow. One way to understand V is to realize that ds is a meromorphic section of N * X , (ds) −1 is a natural meromorphic section of N X . Notice the exact sequence
With respect to the Kähler metric g on T P 4 , the exact sequence has a natural (non-holomorphic) splitting
V is just real part of the natural lift of (ds) −1 via this splitting. V is singular exactly when (ds) −1 is singular or equivalently, when ds = 0, which corresponds to singular part of X ∞ . On the other hand, the union of the smooth dimension 3 Lagrangian fibers of X ∞ is exactly the smooth part of X ∞ . All these 3-tori fibers will be carried to X ψ nicely by the flow of V . Now we will try to understand how the gradient flow of f behaves at singularities of X ∞ . As we know, X ∞ has only normal crossing singularities. Let
C ijk is a genus 6 curve. Let
To understand the Lagrangian tori fibration of X ψ , it is helpful to first review the tori fibration of X ∞ . For any subset I ⊂ {1, 2, 3, 4, 5}, Let
Let |I| denote the cardinality of I. We have
The fibers over Σ I are 4 − |I| dimensional tori.
The flow of V moves X ∞ to X ψ . When |I| = 1, the flow is diffeomorphism on D I and moves the corresponding smooth 3-tori fibration in D I to 3-tori fibration in X ψ .
When |I| > 1, according to similar discussion as in [8] , each point of D I \C will be deform to a |I| − 1 torus under the flow of V . Therefore a torus fiber in D I not intersecting C will be deformed to a smooth 3-torus Lagrangian fiber of X ψ under the flow of V .
Points in the curve C will be fixed by the flow. Those lower dimensional Lagrangian tori that intersect C will deform to singular Lagrangian fibres by the flow of V . Topologically speaking, C ⊂ X ψ is the singular set of the Lagrangian fibration and F (C) is the singular locus. Singular locus F (C) we get in this way is usually of dimension 2.
SYZ construction generally requires that singular locus of the special Lagrangian fibration to be some one dimensional graph in S 3 . For our purpose we want to construct C ∞ Lagrangian fibrations with dimension one singular locus that we believe will capture symplectic topological structure of special Lagrangian fibrations in general. Or at least, we want to construct a Lagrangian fibration with dimension one singular locus. To achieve these, in the Fermat type quintic case, the singular locus can easily be seen as a fattening of a one dimensional graph Γ. In [9] , we use symplectic technique to explicitely deform the Lagrangian fibration before we deform acccording the flow to ensure that the singular locus F (C) = Γ. Then the corresponding Lagrangian fibration of X ψ we construct by the flow of V will have dimension one singular locus. In [9] , we also discussed the question of how to deform this Lagrangian fibration into a C ∞ Lagrangian fibration.
In the general quintic case, we can do exactly the same thing, granted that we can realize the singular locus F (C) as a fattening of some graph Γ and be able to explicitly construct symplectic deformation, which deform C to satisfy F (C) = Γ. Since C is reducible, and each irreducible component is in a CP 2 , according to [9] , the problem can be isolated to each CP 2 and be reduced to the following.
Problem: Let F : CP 2 → Σ be the standard moment map with respect to the Fubini-Study metric. We need a quintic curve C in CP 2 , such that F (C) is a fattening of some graph Γ and we want to explicitly construct symplectic deformation of CP 2 , which deform C to satisfy F (C) = Γ.
Clearly, one can not expect that every quintic curve will have such a nice property. As we point out earlier, it turns out, when the Calabi-Yau quintic is generic and close to the large complex limit in a certain sense, the corresponding quintic curves C ijk have the properties described in above problem. This kind of curve and more general situation have been discussed intensively in our paper [10] . To describe the result from there, let's first introduce some notation.
Consider CP 2 with homogeneous coordinate [z 0 , z 1 , z 2 ] and inhomogeneous coordinate (
Consider a general quintic polynomial
Then the Newton polygon of quintic polynomial is
We will always assume that w is convex. With w we can define the moment map
Σ 5 can also be thought of as a real triangle in M R = M ⊗ R. Then w = (w m ) m∈Σ 5 define a function on integral points in Σ 5 . If w is convex, then w can be extended to a piecewise linear convex function on Σ 5 . We will denote the extension also by w. Generic w will determine a simplicial decomposition of Σ 5 , with zero simplices being integral points in Σ 5 . In this case, we say the piecewise linear convex function w is compatible with the simplicial decomposition of Σ 5 , and the simplicial decomposition of Σ 5 is determined by w. Conversely, for any simplicial decomposition of Σ 5 with zero simplices being integral points in Σ 5 , we can always construct compatible piecewise linear convex function w. Consider the baricenter subdivision of this simplicial decomposition of Σ 5 , let Γ w denote the union of simplices in the baricenter subdivision that do not intersect integral points in Σ 5 . Then it is not hard to see that Γ w is an one dimensional graph. And Γ w divide Σ 5 into regions, with a unique integral point of Σ 5 located at the center of each of this region. In particularly we can think of the regions as parametrized by integral points in Σ 5 .
Let C denotes the quintic curve defined by the quintic polynomial p(x), the results in [10] give the following.
Theorem 2.1 For w = (w m ) m∈Σ 5 convex and positive, and t small enough, F t w (C) will be a fattening of graph Γ w . There exist a symplectic diffeomorphism that map C toC such that F t w (C) = Γ w .
Remark: The moment map F t w is invariant under the real 2-torus action. For any other moment map F that is invariant under the real 2-torus action, we also have that F (C) is a 1-dimensional graph.
Example: For the standard simplicial decomposition, It really can be a lot of fun to play with this graphs. I can easily pile up several dozen pages with this kind of intersting looking graphs with respect to other simplicial decompositions, without even getting bored.
We have the corresponding Γ¨r
With all this preparation, now we would like to address the meaning of near the large complex limit. Consider the quintic Calabi-Yau familly {X ψ } in P 4 defined by
The Newton polyhedron of the quintic polynomials on CP 4 can naturally be expressed as
Σ is a reflexive polyhedron in the lattice
identifying m 0 = (1, 1, 1, 1, 1) with origion.
Let Σ 0 denote the set of integral points in the 2-skeleton of Σ. Or in another word, the integral points in Σ that is not in the interior of 3-faces and also not the center
The two convexities we defined are closely related. Let
Then we have the following lemma
) m∈Σ is convex with respect to Σ 0 for −w m 0 large enough, if and only if w ijk is convex on Σ ijk in the sense of definition 2.1 for
With this lemma in mind, we can make the concept of near the large complex limit more precise as follows Definition 2.3 The quintic Calabi-Yau hypersurface X ψ is said to be near the large complex limit, if w ′ = (w ′ m ) m∈Σ is convex with respect to Σ 0 and t is small.
When X ψ is near the large complex limit, the corresponding w ijk is convex on Σ ijk . When w is generic, by previous construction,
ijk is a fattening of 1-dimensional graph Γ. There are 3 types of singular fiber over different portion ofΓ. LetΓ 2 denote the interior ofΓ, and
Let F : X ∞ → ∂Σ be the original fibration. Results in [10] imply that, inverse image of F , over a point inΓ 0 is a circle that intersects C at one point, over a point inΓ 1 is a 2-torus that intersects C at one point, over a point inΓ 2 is a 2-torus that intersects C at two points. Then by general disussion of flow of V , we have Theorem 2.2 When X ψ is near the large complex limit, flow of V will produce a Lagrangian fibration F ψ : X ψ → ∂Σ. There are 4 types of fibers.
is a Lagrangian 3-torus with 2 circles collapsed to 2 singular points.
is a Lagrangian 3-torus with 1 2-tori collapsed to 1 singular points.
, where Γ 1 is the smooth part of Γ, Γ 2 is the singular part of Γ in the interior of the 2-skeleton of Σ, Γ 3 is the singular part of Γ in the 1-skeleton of Σ. Apply second part of the theorem 2.1, also with help of some other result in [10] , we can produce a Lagrangian fibrationF : X ∞ → ∂Σ such thatF (C) = Γ. Then we have Theorem 2.3 When X ψ is near the large complex limit, start with Lagrangian fibrationF the flow of V will produce a Lagrangian fibrationF ψ : X ψ → ∂Σ. There are 4 types of fibres.
is a type III singular fibre.
Remark: Although the Lagrangian fibration produced by this theorem have exactly the same topological structure as the expected special Lagrangian fibration, this fibration map is still not C ∞ map (merely Lipschitz). But I believe that a small pertubation of this map will give a C ∞ Lagrangian fibration with the same topological structure. In [9] , we were able to make the map C ∞ away from C. We also indicated how to modify singular fibres around C. Yet, we still fall short to completely make the fibration C ∞ . In any case, we do not really use C ∞ property of the fibration map in the following discussion.
3 Slicing theorem and the complex moduli space of quinic Calabi-Yau
Mirror symmetry asserts that complex moduli of a Calabi-Yau manifold near the large complex limit can be naturally identified with the complexified Kähler moduli of the mirror Calabi-Yau manifold near the large radius limit.
Kähler moduli usually has a relatively simple structure. In comparison, complex moduli is usually more complicated to understand.
For quintic Calabi-Yau hypersurface, the complex moduli can be think of as the space of homogenous quintic polynomial on C 5 modulo the action of GL(5, C). Recall that
is the Newton polyhedron of quintic polynomial. The space of the quintic polynomial Q can be think of as
To understand the quotient of Q by GL(5, C), classically, we have to use the geometric invariant theory. It is fairly complicated, and compactification is not unique.
For the purpose of mirror symmetry, this approach is a bit unnatural. For one thing, the large complex limit
is not invariant under the action of GL(5, C). The stablizer of p ∞ (z) (at least infinitesimally) is merely the Cartan subgroup T ∈ GL(5, C). On the other hand, mirror symmetry mainly concern the behavior of the complx moduli near the large complex limit p ∞ (z), with the meaning of "near" suitably specified.
For these reasons, it will be much nicer, if we can find a canonical T -invariant slice Q 0 in Q passing through the large complex limit p ∞ (z) and intersects each orbit of GL(5, C) exactly at an orbit of T . This seems quite impossible to be done on the whole complex moduli. But near the large complex limit p ∞ (z), This can be done very nicely by the following slicing theorem.
Recall that Σ 0 is the two skeleton of σ, and m 0 = (1, 1, 1, 1, 1) . Let
Then we have Theorem 3.1 Near the large complex limit p ∞ , Q 0 = Span C (Σ 0 ∪ {m 0 }) is a slice of Q = Span C (Σ) that contains the large complex limit p ∞ , and is invariant under toric automorphism group T and intersects each nearby orbit of the automorphism group GL(5, C) at a finite set of orbits of the toric automorphism group T (the maximal torus) that is parametrized by a quotient of the Weyl group of GL(5, C).
Then the theorem asserts that when ψ is large, through linear transformation on z, F (z) can be reduced to the following standard form
In general, it seems a rather hard question, but when ψ is large (when near the large complex limit), the question is much easier. Let's consider the linear transformation
where b jk = a m jk , m jk = m 0 − e j + e k . Then
Adjust ψ and a m accordingly, above equation can also be expressed as
where a m = O(1/ψ) for m ∈ Σ\Σ 0 . Repeat above process, consider
where a m = O(1/ψ 2 ) for m ∈ Σ\Σ 0 . Repeat this process inductively, and define
, the infinite product converge, when ψ is large. Then
is in standard form (belong to our slice).
To show that near p ∞ , Q 0 intersects each GL(5, C) at an orbit of T , notice that any group element in GL(5, C)\T near T when acting on elements of Q 0 near p ∞ will produce terms in Σ\(Σ 0 ∪ {m 0 }). This fact together with the fact that stablizer of p ∞ is exactly the normalizer of T ⊂ GL(5, C) imply our conclusion. Q.E.D.
Remark: The similar slicing theorem is also true in the general toric case, which will be discussed in [11] . Given the elementary nature of the theorem, we believe it may have appeared in the literature in some form, although we are not aware of it. In any case, this kind of slicing theorem is very important in understanding the complex moduli of Calabi-Yau hypersurface in toric variety.
As we know, the normalizer of T in GL(5, C) is a semi-direct product of T and the Weyl group of GL(5, C). We will for most case only consider the action of T .
Q 0 is naturally an affine space with the natural toric structure. The action of T is compatible with this structure. We expect the the quotient of Q 0 by T to be a toric variety. To describe the "canonical" partial compactification, we need to describe the corresponding fan structure. Let's first introduce some notation. Let
then its dualÑ 0 is naturally the space of all the weights
Follow the toric geometry convention, let N denotes the dual lattice of M. n → w m = m, n define an embedding N ֒→Ñ 0 . Let W ∈ N 0 be the image of this embedding,
∨ is naturally the projection of σ 0 toÑ. The fan of the quotient of Q 0 by T should be inÑ .
We are interested in the quotient of Q 0 by T . But the set theoritical quotient is usually not seperable, let along an algebraic variety. To get a seperable algebraic variety as quotient, we have to take the quotient in geomeric invariant theory sense. Namely, we may need to throw away some of the subtorus and collapse some non-generic orbits together when we do the quotient. Then there is always the problem that what to throw away and what to collapse. There are many ways to do it. For our purpose, we want to find a "canonical" quotient that suits our need for mirror symmetry.
Our discussion on the notion of near the large complex limit, that was needed for the construction of the Lagrangian fibration, naturally suggests a possible fan structure inÑ of the "canonical" partial compactification. Its exact meaning should be clear from the context. Let w = (w m ) m∈Σ 0 , we say that w is convex if w ijk is convex on Σ ijk in the sense of defination 2.1 for all (i, j, k) satisfying 1 ≤ i < j < k ≤ 5. Notice that in our discussion, we are repeatedly using the notation Σ 0 for two slightly different meaning, first, as the set of integral points in the two skeleton of polehedron Σ, secondly, as the real two skeleton of polehedron Σ.
A generic convex w = (w m ) m∈Σ 0 will determine a simplicial decomposition Z of Σ 0 with integral points in Σ 0 as verteces of the simpleces in Z. In this case we say w is compatible with Z. LetZ denote the set of all simplicial decomposition Z of Σ 0 with integral points in Σ 0 as verteces of the simpleces in Z. Then the top dimensional cones in the fan inÑ is parametrized byZ. For any Z ∈Z, τ Z = {w = (w m ) m∈Σ 0 ∈Ñ |w is convex and compatible with Z}/W.
Let∆ denote the fan consisting of subcones of τ Z for Z ∈Z. Then the support of the fan∆ is
The corresponding toric variety P∆ is our model for the quotient of Q 0 by T . It is easy to see that∆ is invariant under the natural action of the Weyl group of GL(5, C). The actual complex moduli space of quintic near the large complex limit is P∆ modulo the action of the Weyl group S 5 of GL(5, C). Theorem 3.2 P∆/S 5 is a natural compactification of the moduli space of quintic Calabi-Yau near the large complex limit.
Remark: Other more detailed justification of the construction of the secondary fan∆ will be discussed in [11] for more general situation.
The mirror of quintic and the monomialdivisor mirror map
To understand the mirror symmetry, let's first discuss the mirror of quintic Calabi-Yau .
Let (e 1 , · · · , e 5 ) be the standard basis of M 0 ∼ = Z 5 , and (e 1 , · · · , e 5 ) be the dual basis of N 0 ∼ = Z 5 . Recall that the Newton polyhedron of the quintic polynomials on CP 4 can naturally be expressed as
with n 0 = (1, 1, 1, 1, 1) is naturally the dual lattice of M. Let Σ ∨ be the dual polyhedron of Σ in N. Then the simplex Σ ∨ ⊂ N has verteces
, where
satisfy the same linear relation:
Since N is generated by
, there is a natural map Q : N → M that map n i to m i . The following lemma is very straight forward to check.
Let ∆ Σ (∆ Σ ∨ ) be the fan in N (M) whose cones are spaned by faces of Σ ∨ (Σ) from the origion. The corresponding toric variety P ∆ Σ (P ∆ Σ ∨ ) is the anticanonical model, namely the anti-canonical class is ample on P ∆ Σ (P ∆ Σ ∨ ). The map Q : N → M gives us the well known quotient interpretation of the mirror.
Corollary 4.1
In this way, Calabi-Yau hypersurfaces in P ∆ Σ ∨ via pullback are equivalent to (Z 5 ) 3 -invariant Calabi-Yau hypersurfaces in P ∆ Σ . Namely, the Fermat type quintic Calabi-Yau hypersurfaces X ψ defined by
Denote the quotient of X ψ in P ∆ Σ ∨ to be Y ψ . We are interested in CalabiYau hypersurfaces near the large complex limit, which corresponds to ψ being large.
Calabi-Yau hypersurface in P ∆ Σ ∨ is not exactly the mirror Calabi-Yau , since it is singular. To get the smooth mirror Calabi-Yau , we need to do some crepent resolution. This can be done by resolving singularity of P ∆ Σ ∨ suitably, and then pullback the singular Calabi-Yau hypersurface in P ∆ Σ ∨ to the resolution to get the corresponding smooth Calabi-Yau hypersurface.
Calabi-Yau hypersurfaces in P ∆ Σ ∨ as quotient by (Z 5 ) 3 is discussed in last section of [8] . Resolution of singularities of P ∆ Σ ∨ is also discussed there. In general, resolution of singularities of P ∆ Σ ∨ corresponds to subdivision of the fan ∆ Σ ∨ . Arbitrary resolution of P ∆ Σ ∨ can destroy the Calabi-Yau property of Y ψ . Those admissible resolutions, which preserve the Calabi-Yau property of Y ψ , according to proposition 7.1 in [8] , will correspond to those subdivision fan ∆ ∨ of ∆ Σ ∨ , whose generators of 1-dimensional cones lie in the boundary of Σ. In another word, admissible resolutions of P ∆ Σ ∨ correspond to polyhedron subdivision of ∂Σ with verteces of polyhedrons being the integral points in Σ. Different subdivisions ∆ ∨ correspond to different birational models
For each particular birational model P ∆ ∨ , the Kähler cone of P ∆ ∨ can be understood as the set of piecewise linear convex functions on M that is compatible with ∆ ∨ modulo linear function on M. We are actually intersted in the Kähler cone of the corresponding Calabi-Yau hypersurface in P ∆ ∨ that is the pullback of the singular Calabi-Yau hypersurface Y ψ ⊂ P ∆ Σ ∨ . With a little abuse of notation, we will still denote the pullback of Y ψ to P ∆ ∨ by the same notation.
As a toric variety, P ∆ Σ ∨ can be thought of as an union of complex tori of varies dimension (orbits of T ). Under the moment map, these complex tori are mapped to the interior of subfaces of Σ ∨ of varies dimension. There is a dual relation from subfaces of Σ to subfaces of Σ ∨ . For α a subface of Σ, the dual face
Clearly, (α * ) * = α and dim α + dim α * = 3. P ∆ ∨ is a toric resolution of P ∆ Σ ∨ . Tori divisors in P ∆ ∨ that dominate the complex tori in P ∆ Σ ∨ corresponding to subface α in Σ ∨ are parametrized by interior integral points in α * .
Notice that Y ψ does not intersect the points (0-dimensional tori) in P Combine with the discussion from the last section about the complex moduli of X ψ , we can see that the Kähler cones of various birational models of Y ψ naturally correspond to the top dimensional cones in the fan for the complex moduli of X ψ .
The mirror symmetry actually requires something more, a precise identification of complex moduli P∆ near the large complex limit and the complexified Kähler moduli (Ñ ⊗ Z R + iτ )/Ñ near the large radius limit.
For any w = (w m ) m∈Σ 0 ∈Ñ, let
Extend this toÑ ⊗ Z R + iτ , we get the mononial divisor map
Remark: The concept of monomial-divisor mirror map was first introduced in the famous work [1] with certain restriction. Therefore, the result there can not directly apply to our situation. As discussed in [1] , the actual mirror map is not exactly the monomial-divisor map, or rather is a perturbation of the monomial-divisor map. In our opinion, the monomial divisor map probably should be called the classical mirror map, and the actual mirror map should be called the quantum mirror map.
Topological SYZ construction for quintic Calabi-Yau
According to SYZ approach toward mirror symmetry, on each Calabi-Yau manifold, there should be a special Lagrangian torus fibration. The mirror Calabi-Yau is naturally the moduli space of special Lagrangian torus together with a flat U(1) bundle on the special Lagrangian torus suitably compatified. In particularly, the special Lagrangian fibration on the mirror Calabi-Yau sould be naturally dual to the special Lagrangian fibration on the original Calabi-Yau over the smooth part of the fibration. For our purpose, we will mainly concern the corresponding statement for Lagrangian fibration.
After the Lagrangian fibration of Calabi-Yau is constructed, the first necessary step to justify the SYZ conjecture is to find a natural identification of the base spaces (topologically S 3 ) of the Lagrangian fibration of the CalabiYau and its mirror, such that the the singular locus of the two Lagrangian fibration is naturally identified under this identification. Then one can compute the monodromy of the two fibration to see if they are dual to each other.
Let's first discuss the Lagrangian fibration of quintic Calabi-Yau and its mirror. For any u = (u m ) m∈Σ 0 ∈ (Ñ ⊗ Z R + iτ )/Ñ , consider the quintic Calabi-Yau X u defined by
Let w m = Im(u m ), then w = (w m ) m∈Σ 0 ∈ τ . Assume that u is generic, then w determine a simplicial decomposition Z of Σ 0 . We can pick a strictly convex extension of w to Σ with w m 0 = 0 (this is possible when u is generic). Assume u is also extended to Σ according to w. We will still denote extended w, u by the same notation. Then w determine a simplicial decomposition (still denote by Z) on Σ, extending the simplicial deomposition Z on Σ 0 .
Consider the moment map
where
Then it is easy to see that
Recall that Γ is defined as the union of simplices in the baricenter subdivision of the simplicial decomposition Z of Σ 0 , without any integral points of Σ 0 as vertex. Theorem 2.3 asserts that by gradient flow method, we can construct Lagrangian fibration of X u over ∂Σ such that the singular locus is exactly Γ. The singular fibres are also discribed there in complete detail.
Recall that the Newton polydedron Σ ⊂ M is a reflexive polyhedron, with the dual polyhedron Σ ∨ ⊂ N. Σ (Σ ∨ ) naturally determines the corresponding anti-canonical fan ∆ Σ (∆ Σ ∨ ) that give rise to the anti-canonical models
In general, w = (w m ) m∈Σ 0 naturally define a piecewise linear convex function p w on M that satisfy p w (m) = −w m . p w naturally determines a fan ∆ w for M that is compatible with Σ ∨ . p w also naturally determines a real polyhedron Σ w ⊂ N consists of n ∈ N that as a linear function on M is greater or equal to p w . As a real polyhedron, Σ w has a dual real polyhedron Σ With the Lagrangian fibration of quintic Calabi-Yau understood, let us discuss the Lagrangian fibration of the mirror Calabi-Yau . Recall from the last section, the anti-canonical model of the mirror of quintic is the quotient of Fermat type Calabi-Yau Lemma 5.1 The moment map F w maps P ∆ w to Σ w , and maps Y ∞ ⊂ P ∆ w to ∂Σ w .
Proposition 5.1 Y ∞ → ∂Σ w is a Lagrangian tori fibration with respect to the symplectic form ω = ∂∂ log(|s|
The gradient flow of the Fermat type quintic Calabi-Yau family {X ψ } is invariant under the action of (Z 5 ) 3 . The quotient gives us the corresponding gradient flow on P ∆ Σ ∨ ∼ = CP 4 /(Z 5 ) 3 of the family {Y ψ }. This flow pull back to P ∆ w will flow Y ∞ to Y ψ and induce Lagrangian tori fibration structure on
The singular set C ⊂ Y ψ of the fibration F ψ is exactly the intersection of Y ψ with the complex 2-skeleton of P ∆ w .
The singular locusΓ ′ = F ψ (C) is a fattening of some graph Γ ′ . To describe this graph Γ ′ , let's recall from the last section of [8] that the singular locus of the Lagrangian fiberation of Y ψ ⊂ P ∆ Σ ∨ is a fattening of a graphΓ ⊂ ∂Σ ∨ . WhereΓ
The following is a picture of a face of ∂Σ ∨ . 
We may take Γ to be the 1-skeleton of π −1 (Γ).
is naturally the union of 1-simplices in the baricenter subdivision of Σ w that under the map π do not meet the vertices of Σ ∨ .
Remark:Γ is only fattening the part of Γ that is mapped to the interior of 2-simplices of Σ ∨ under the map π.
Theorem 5.1 For Y ψ ⊂ P ∆ w , when w = (w m ) m∈Σ 0 ∈ τ is generic and near the large radius limit of τ , flow of V will produce a Lagrangian fibration
There are 4 types of fibers. Remark: More detail on the construction of Lagrangian tori fibration of mirror of quintic Calabi-Yau can be find in [11] , where the construction of Lagrangian tori fibration and their singular locus and singular fibres are discussed for general Calabi-Yau hypersurface in toric variety.
Having discussed Lagrangian tori fibration for both the quintic Calabi-Yau and its mirror, let us try to understand their dual relation, as predicted by SYZ conjecture. To begin with, let's first discuss the identification of the two base spaces of the fibrations.
Let X be a quintic Calabi-Yau , and Y the mirror of X, then we can construct the following Lagrangian tori fibrations Apply this general result to Σ w , we get our first topological result on SYZ conjecture Under the dual map, one and two dimensional faces of Σ w that do not map entirely to a vertex of Σ ∨ under π are naturally dual to two and one dimensional simplices in (Σ ∨ w ) 0 .
Q.E.D.
Duality of fibres and monodromy
To fully establish SYZ construction, we also need to establish the duality relation of the Lagrangian torus fibres in the Lagrangian fibrations of quintic Calabi-Yau and its mirror. There are many way to see this, for example, one may compute monodromy operators of the two fibrations, and show that they are dual to each other. We will use a more direct method, we will establish a canonical characterization of Lagrangian torus fibre of the Lagrangian fibrations of quintic Calabi-Yau and its mirror, and prove that under this canonical characterization the two fibres are canonically dual to each other.
First consider the quintic Calabi-Yau X u defined by quintic polynomial
Lagrangian tori fibration X u → ∂Σ is constructed by deforming the natural Lagrangian tori fibration of the large complex limit X ∞ via gradient flow. Where X ∞ is defined by
For any vertex n of Σ ∨ ⊂ N, there is a corresponding dimension 3 face α n of Σ defined as α n = {m ∈ Σ| m, n = −1.} Namely n is the unique supporting function of α n . Clearly, fibres of the fibration X ∞ → ∂Σ over interior of α n are naturally identified with
where N n = N/{Zn}. Since Lagrangian tori fibration X u → ∂Σ is a deformation of fibration X ∞ → ∂Σ, we have Proposition 6.1 3-torus fibres of the Lagrangian fibration X u → ∂Σ over interior of α n can be naturally identified with T n .
The dual torus of T n is naturally
Similarly, for any integral m ∈ ∂Σ, we can define 
Proof: g ∈ T naturally acts on CP 4 , and also on the space of quintic polynomials. The action acturally preserve our slice. Under the action of g, Calabi-Yau quintic X u defined by P u (z) = 0 is mapped to X g(u) defined by P g(u) (z) = P (g −1 (z)) = 0. Recall that the moment map
maps CP 4 to Σ. The action of g on u will naturally induce an action on w. Clearly, the image F w (X u ) ⊂ Σ is invariant under the action of g. More precisely, the following diagram commutes.
Think of w as a convex piecewise linear function on M, the action of g ∈ T is just modifying w by linear function. Since w is strongly convex, for integral m ′ ∈ ∂Σ, by suitable modification of linear function, we may assume that u m ′ = 0 and w m > 0 for m ∈ ∂Σ\{m ′ }. Then
For the purpose of gradient flow, consider meromorphic function
∇f for f = Re(q) is our gradient vector field. We actually use the flow of V = ∇f |∇f | 2 .
When P u (z) is near the large complex limit, for z near F 
It is easy to see that the condition 
We are now ready to establish the dual relation of the fibres. For any b ∈
Proof: Based on above propositions, duality is very easy to establish. Only thing that need to be addressed is that duality defined in two ways according to U m or α 0 n for b ∈ U m ∩ α 0 n coincide. For this purpose, one only need to show that the following diagram commutes.
This is proved in proposition 6.2 and 6.4.
Q.E.D.
With explicit identification of fibres in place, monodromy computation becomes a piece of cake! Consider the path
This condition implies that α n and α n ′ have common face that contains m, m ′ . Correspondingly we have the diagram
Compose the four operators and modulo n, we get
Remark: Now we have find an extremely simple way to compute monodromy. All our monodromy computation in [8] can be much easily performed by this method. In fact, monodromy computation is becoming so trivial, I will omit the corresponding computation of monodromy operator for the mirror fibration, which is naturally dual to the monodromy operator for fibration of quintic.
Summerize our results, we have proved the symplectic topological version of SYZ conjecture for quintic Calabi-Yau .
Theorem 6.3 For generic quintic Calabi-Yau X near the large complex limit, and its mirror Calabi-Yau Y near the large radius limit, there exist corresponding Lagrangian tori fibrations
with singular locus Γ ⊂ ∂Σ and Γ ′ ⊂ ∂Σ w , where s : ∂Σ w → ∂Σ is a natural homeomorphism, s(Γ ′ ) = Γ and b ∈ ∂Σ w \Γ ′ . The corresponding fibres X s(b) and Y b are naturally dual to each other.
Remark:
The last piece of the SYZ puzzle we have not yet discussed is the construction of a section of the Lagrangian fibration. With the explicit description of Lagrangian fibres in this section, it is not hard to construct the section. Roughly, one can take the identity section on each piece with explicit description. They almost piece together to form an approximate global section, with error depending on how close the Calabi-Yau is near the Lagrangian complex limit. We will describe the precise construction of gloal section in [11] , where more generally we will prove the symplectic topological version of SYZ conjecture for general Calabi-Yau hypersurface in toric variety.
Singular fibres of Lagrangian tori fibration
Let's start with a well known fact for Lagrangian fibration. Let (X, ω) be a smooth symplectic manifold. A fibration F : X → B is called a C lLagrangian fibration, if F is a C l map and the smooth part of each fibre is Lagrangian . The following result is well known. Proof: For any closed 1-form α on B, F * α is a closed C 0,1 1-form. There is a corresponding C 0,1 Hamiltonian vector field H α that satisfy F * α = i(H α )ω. H α will be along the fibres because for any W along the fibres, we have ω(H α , W ) =< F * α, W >= 0.
Then for closed 1-forms α 1 α 2 on B, we have
Therefore T * b B acts on X b = f −1 (b) as Lie algebra. Exponentiating the Lie algebra action, which amount to consider the flow corresponding to Hamiltonian vector field H α , will give us the action in the theorem.
Q.E.D.
Remark: Here it is very crucial for H α to be C 0,1 , which will ensure that the flow corresponding to Hamiltonian vector field H α is uniquely determined. Clearly, the singular set of X b is the union of the non-top dimensional orbits. Namely,
For special Lagrangian fibration, each fibre is minimal submanifold. Then we have codim(Sing(X b )) ≥ 2. For this reason, we will always assume that codim(Sing(X b )) ≥ 2.
As we know, singlar fibre for elliptic fibration in general can be quite complicated. It was crucial to restrict our attention to some class of stable singular fibre with certain generic nature.
In our situation, with dimension one higher, singular fibre conceivably can be even more complicated. To have a meaningful discussion, it is crucial for us to first concentrate on certain class of "generic" singular fibres. We will restrict our discussion to three type of singular fibres.
Type one singular fibre cones from a 2-dimensional singular fibre times a circle. It has one vanishing 1-cycle. In particularly, denote 2-dimensional A n singular fibre times circle by I n .
Type two singular fibre has one vanishing 1-cycle, has a natural map to a 2-torus with fibre being a point or a circle representing the vanishing cycle.
Type three singular fibre has two independent vanishing 1-cycles, has a natural map to a circle with fibre being a point or a 2-torus representing the vanishing cycles.
Type three singular fibre is very simple. In general we have Proposition 7.1 Type three singular fibre is parametrized by positive integers, denote by III n . n is the number of point fibre for the map to the circle. III n fibre has Euler number equal to n. In particularly, type III(= III 1 ) Fibre is the generic singular fibre with Euler number 1.
Type two singular fibre has a map to a 2-torus T 2 . The set of points on the 2-torus with point fibre is typically a graph Γ in the 2-torus, which divide Figure 2 : Type III 5 and type III fibres two torus into several regions. Since in general a graph Γ that divide T 2 into n region has Euler number equal to n. We have Proposition 7.2 For a type two singular fibre, if the corresponding graph Γ ⊂ T 2 devides the 2-torus T 2 into n regions, then the Euler number for the singular fibre is equal to −n.
We are interested in the generic type two singular fibre with Euler number equal to −1. We have Proposition 7.3 There are only two type two singular fibre with Euler number equal to −1. The type II fibre corresponding to parallel sexgon and typẽ II fiber corresponding to parallelgram.
Proof: Since Euler number equal to −1, by the previous proposition, Γ divides T 2 into only one region. Go to the universal cover of T 2 , then this one region gives us a filling of R 2 by only one type of polygon. As is well known, there are only two types of polygon that can fill the plane, the parallel sexgon and parallelgram.
Q.E.D. n × m cover of type II (ĨI) singular fibre are type two singular fibre with Euler number equal to mn. We will denote this kind of singlar fibre by II n×m (ĨI n×m ).
In our generic Lagrangian tori fibration, we have generic singular fibre type I, II, III. Type I fibre is dual to type I fibre, Type II fibre is dual to type III fibre. Clearly, the dual relation change only the sign of the Euler number of singular fibres, while keeping the absolute value unchanged. This apparently is in line with mirror symmetry.
In our discussion of Lagrangian fibration of Fermat type quintic Calabi-Yau , we have singular fibres of type I 5 , II 5×5 , III 5 .
Conjecture: Type II,ĨI, III singular fibres are the only possible generic singular fibres with Euler number equal to ±1.
